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ABSTRACT

In continuation of our work on the application afagh theory and in particular labeled graph thedrny SNS,
we examine in this paper the applications of Otksorem to SNS. Ore’s theorem gives a sufficiendition for the
existence of a closed Hamiltonian Path and appilicadf Ore’s theorem to Facebook requires some definitions of
two labeled degree of a vertex and labeled Ham#tompaths. In this paper, each definition is examlifior its application
to SNS. Under these definitions, Ore’s theorem ismdonverse is verified in Facebook. Though inegahconverse of
Ore’s theorem is not valid, we demonstrate howoitks in SNS with some altered conditions. We disavshat a closed
Hamiltonian path in Facebook exists for any two adjacent vertices without depending on the conditid Ore’s
theorem. Hamiltonian paths by definition resulaimne way communication paths in Facebook betweembn adjacent
vertices, this becomes a two way communication, ghtinks to Ore’s theorem which guarantees a cldsachiltonian
path.
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INTRODUCTION

Graph theory became popular and mathematiciangntssts, engineers, sociologists, economists etc.,
looked towards graph theory for applications inirttields. In keeping this trend, we apply Ore’sebnem to Labeled
graphs and then apply it t6acebook As Faceboo/network is the most popular area which enablesynggople to
interact, we want to investigate the mathematiedkiground behind this new area by application @fpbrtheory to

Facebook.

In our earlier work, we applied various conceptsedrems and results in graph theory to Facebook.
This paper is devoted to application of a clasdisabrem of Ore’s to Facebook. In this connectiwe,formulate some
essential definitions by altering the usual staddigfinitions as well as translating some theoremsas to apply these to
Facebook.

MATHEMATICAL PRELIMINARIES

In this section, we define certain concepts in grég@ory. Concepts not defined here are undersisdbey are in

any standard book on Graph theory (reference:[3)dfdim no originality in this section save perhégpsts presentation.
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20 Saba Tarannum & B. Srinivasa

For definitions of Graph, label, Labeled Vertex drabeled Edge, Labeled Graphs, Path, Trail, labelzith,
Menger’s theorem, semi labeled graphs, mixed |labgtephs and other definitions refer papers inregfee: [5] and [6]
Degree of a Vertex

In graph theory, the degree of a vertex is the rermbf edges connecting it. In the example below,
vertex a has degree 5, and the rest have degeedrtex with degree 1 is called an "end vertexi'figure (2), vertices

a,b,c,d have degree 2 and vetex e is an isolatet! po
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Hamiltonian Path

A Hamiltonian path is a path that visits each wedgthe graph exactly once. A graph that contaifamiltonian

path is called a Traceable Graph. Also a Hamiltowigcle is a Hamiltonian path that is a cycle.

O /O
\D\O/D
A graph is Hamiltonian if for every pair of vertE#here is a Hamiltonian path between the two eesti
G%{ 5 ;
If AB is an edge with a label ‘+ -* then the filgbel is + ,in this case the first label of BA is -

A@—_—@B
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Hamiltonian Labeled Path

A Hamiltonian labeled path in a graph is a Hamildonpath all of whose vertices and edges haveahedabel.
A graph that contains a Hamiltonian labeled pattaited a Traceable labeled Graph. Also a Hamittoébeled cycle is

a Hamiltonian labeled path that is a cycle.

Example

Hamiltonian Labeled Graph

A graph is Hamiltonian labeled if for every pairlabeled vertices there is a Hamiltonian labeleth feetween

the two labeled vertices.

Example

Difference between Classical Hamiltonian Path and &miltonian Labeled Path
Example

In the graph below Hamiltonian Path is ABCDE

But Hamiltonian Labeled Path is AEDBC

Hamiltonian Labeled Path in a 2-Labeled Edge Graph

A Hamiltonian labeled path in a 2-labeled edge hrajmose vertices are single labeled is a Hamiltomath

where the label of the vertex and tiildbel of the edge are same.
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Type 1.

Type 2:

However in Facebook thé2ype of Hamiltonian path is not defined.

Labeled Degree of a Vertex(deg; v):

In the usual definition of the degree of the veiitrexan unlabeled graph depends on the number afsethgident

on the particular vertex but for a labeled graphhaee to define degree in different ways.

1. Letv be any vertex (unlabeled) then the usualekegf vis equal tothe number of unlabeled edges incident on v.

i.e., deg(v)=3

Example

In this example the degree is 3

2. Letv be a vertex with label M then if ‘n’ unlabdledges are incident on v then degree of the vertexequal to
0.i.e.,deg(v)=0

Example

(¥ In this example the degree is 0

3. Letv be a vertex with label M then if ‘n’ 2-labeledges with one of the label M are incident ohentdegree of

vis equal to ‘n'. i.e., deg (v) =n. This is sansedefinition 1.

Example

MN

In this exam ple the degree is 3

MN

4. Let v be a unlabeled vertex then if ‘n’ labeled esi@re incident on v then degree of vertex v isabtpuO.i.e.,

deg(v)=0.This is same as definition 2.
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Example

In this example the labeled degree is 0 and usual

degreeis 3

5. If ‘m’ edges with label ‘M’ are incident on a vexte of label ‘M’ and ‘n’ edges with label ‘N’ arencident on

same vertex v then degree of the vertex v is eguat’.

Example

In this exam ple the labeled degree is 2 and usual

degree is 4

Note 1 Degree of a vertex will always be greater thaeaural to than the labeled degree of a vertex.
n-Labeled Degree
A n-labeled degree is the number of same labeledges incident on a vertex v of the same label.

Labeled Degree of a vertex in Directed Graph(ddeg; v):

1) Labeled In-Degree: Let v be a vertex with label M then if ‘n’ direckeedges with the same label M are

incident (incoming) on labeled vertex v then degree is equal to ‘'n’. i.e., deg(v)=n.

Example

In this example the degree is 3

2) Labeled Out-degree Let v be a vertex with label M then if ‘n’ directeedges with the same label M are

outgoing from labeled vertex v then degree of @gsal to ‘n’.i.e., deg(v)=n.

Example

In this example the degreeis 3

Note 2 in the figure below the labeled out-degree (v)ad Ebeled in-degree(v)=0

M
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Note 3

Degree of a vertex in a simple graph will alwaygbeater than the labeled degree of a vertex inegtéd graph.

Note 4

If an edge AB has 2 labels and vertices A and Bsanrgle labeled then there are 16 types of edgeeskea A and
B which are as follows:

1 A C + + CB 9 A C + + CB
A : + :B 10 A C - i f

3 A C _ : B 11 A : : N : f
4 A C + :)B 12 A : _+ :B

A + + B 13 A + + B

Co— CO——Co
R A O
7 A( ] + ( )B 1 A MB
s alC>——— s oo aC O s

In all the above relations, AB is an edge butFazebook, there is no edge when one of them is offline.
In general the above relations make A and B adjaeéth labeled edges. However we define two vestit@ be non
adjacent if the label of the edge AB is ‘- -‘(ths applied in Facebook), whereas the remainingtiogla do not have
physical meaning when applied to Facebook. Weatsmdefine A and B as non adjacent if the lab¢hefedge is ‘+ -* or
‘- +' but in this case the proof of the theoremaidit involved and will be taken up elsewhere. Heevewe can have a

Hamiltonian path under this definition also.
In Facebook there is no relation between 2 peopkervone of them is offline.
Adjacent Vertices

We know that if AB is an edge then A and B are eglj .In the case of Labeled graphs where bothsedné
vertices are labeled the definition of adjacentiges is not unique, each definition has its owpligption in Facebook.
We define adjacent vertices corresponding to e&thecabove relations.

Hamiltonian Two Labeled Path
1) Directed Hamiltonian Labeled Path

A labeled patha, b, c, d, e, fs called a directed Hamiltonian labeled path idirected graph if the sequence of

edges and vertices betweeandf have the same label.

Example

Directed Hamiltonian labeled path fraano f is abcdef
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Directed Hamiltonian Labeled Graph

A graph is Directed Hamiltonian labeled if for eyguair of labeled vertices there is a directed Himmian

labeled path between them.

Note 5: Directed path is a path in which the there israadded edge between two vertices.

Directed path is ABC but CBA is not a directed path

Directed Hamiltonian Mixed Labeled Path

A labeled patha, b, ¢, d, g@s called a directed Hamiltonian mixed labelechpata directed graph if the directed

path betweem ande is a mixed labeled path. reference [2].
Example

Directed Hamiltonian mixed labeled path frano e is abcde

Directed Hamiltonian Mixed Labeled Graph

A graph is Directed Hamiltonian mixed labeled ifr fevery pair of labeled vertices there is a Dirdcte

Hamiltonian mixed labeled path between the twolkdbeertices.
Basic Definitions in Terms of Facebook

Definitions like Vertex, Labeled Vertex, Edge, Edder Multi Labeled vertices, Labeled Edge,
Single Labeled Edge, Multi Labeled Edges, referpapers in reference [5] and [6]

Note 6: There are 16 ways (as defined earlier under ngteatdefine adjacency of two vertices in Facebbok

we consider only for online people.(vertices wabél'+").
Hamiltonian Labeled path in Facebook

A Hamiltonian labeled path in a graph of a paricugroup of a Facebook network is a labeled path ,
which visits all the people who are online subhttthere is a one way communication (OR) one wapgster of

information from one person to another .

In this case ,since it is one way transfer of infation, sharing of information is defined with &d‘+ -’ on the

respective edge between two vertices each with'#dbEor example
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In the above graph of a particular group of a Fao&metwork, the Hamiltonian labeled path is AEDBC.
Note 7

In a closed Hamiltonian path every person getsitfiemation sent by anybody in the given situatimha

particular group of a Facebook network.
Hamiltonian Labeled Graph of Facebook

A graph is Hamiltonian labeled in Facebook if fereg pair of online people there is a Hamiltoniahdled path

of Facebook between the two online people.
Adjacency in Facebook

Let us consider the 16 relations as mentionedezaninder Note 2, if we consider any relation amtmg 16
relations then we get adjacent vertices in genelral.Facebook we define adjacency only for onlineopde.
In Facebook there is no relation between 2 people vdmenof them is offlinelwo online people are non adjacent when

there is no flow of information between them(Intbdie ways).

When visiting a country, one likes to visit evellaqe only once by taking the shortest route, thatekt closed
Hamiltonian path is very much suitable in this cadefore we find such a path we should know wharhsupath can exist

Ore’s theorem answers this question.
ORE’S THEOREM: ( Statemenk

Let G be a simple graph on n vertices. I£18, and degree(x) + degreey)n for each pair of non-adjacent

vertices x and y, then G has a closed Hamilton&h.p
Let us considean example

Example

In this eg., Consider the two non adjacent verticeand v3 deg v1=2 and deg v3=2 Therefore viegdeg v3

> number of vertices> 2+2=4= the above graph has a closed Hamiltonian path
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Example

In the eg above., Consider the two non adjacenticesr vl and v3 deg vl1=2 and deg v3=3.
Therefore deg vl+ deg v& 2 + 3=5% 6 where n=6 is the number of vertices but the abgraph has a closed

Hamiltonian path. The above examples show thatd¢melition in the ore’s theorem is not necessary tbe existence of
a closed Hamiltonian path.

Converse of Ore’s Theorem

Let G be a simple graph on ‘n’ vertices, &8 and also for each pair of non-adjacent verticesd y G has a
closed Hamiltonian path then “degree(x) + degree(y).

Example

In this eg., The Closed Hamiltonian path isW4,V3,V4,Vs,Vs V1 Consider the two non adjacent verticesand

vz deg =2 and deg 33 Therefore deg:+ deg ¥ # number of vertices> 2+3=5 & 6 The above graph has a closed

Hamiltonian path even though deg(x) + deg&yir. Therefore converse is not true.
Note 8
Consider the graph above, if deg(x) + deg{¥) (say) then this condition has the following plotities:
. If one of them is zero then the condition is ndis$ied in this there is no closed Hamiltonian path
. If deg(x)=1 and deg(y)=1 then also the conditionas satisfied.
. If deg (x) =2 and deg(y)=2 then also the condit®not satisfied, and so on
The condition here denotes that online person dagoroverse to all at a given instant of time.
Note 9

. To translate Ore’s theorem to labeled graphs we tato account the definitions of various concépttabeled

graphs as given in mathematical preliminaries.
. We can state Ore’s theorem under several defisitifnabeled degree of a vertex defined in the srattical

preliminaries but we prove the theorem for defmitB of labeled degree of a labeled vertex.
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ORE’'S THEOREM UNDER DEFINITION 3 OF LABELED DEGREE OF A VERTEX
Statement Let G be a labeled graph on n ¥n3) vertices with exactly one pair of non adjaceattices
(according to relation 3 ) x and y such tdaly; (x) + deg; (y) > n for each pair of non-adjacent labeled verticemd v,

then G has a closed Hamiltonian labeled path camiltbnian Graph.

Proof: Let G be labeled graph on ‘n’ vertices where 8, we assume that G satisfies the conditle; (x) +

deg; () > n and is not a Hamiltonian graph.

Here G has a pair of non-adjacent labeled vertoesfding to relation 3).We add labeled edge
(according to definition 3 of labeled degree ofemt@x)to the graph Dby joining all the non adjadabeled vertices until
we obtain a graph H such that the addition of omeeniabeled edge joining non adjacent labeled a&stin H will

produce a Hamiltonian graph with ‘n’ labeled veztc

Let x and y be two labeled vertices which are ndiaeent in H, they are non adjacent in G also.

(This is the only pair of non adjacent vertice&in

G satisfies the condition i.edegg; (x) + deg; (y) = n (given).This condition is satisfied in H also.

If we add a labeled edge'{3elation) between the non adjacent vertices xyatiten the graph is a Hamiltonian

graph. In graph H there will be a Hamiltonian Laskpath between x and y

If x=v; and y=y; then the resulting Hamiltonian labeled path isvy...... Viit, Vi Vit dy e eeee vy, let labeled degree of
vy be =r. If yand y are adjacent with labeled edge (according to di&fin3 of labeled degree of a vertex) and alsp v
and v, are adjacent with labeled edge (according to d&fin3 of labeled degree of a vertex) then H islamiltonian

graph.

Therefore only yand y should be adjacent with a labeled edge, andnd v, should not be adjacent, this is true
for n=2, 3..... (n-1). Therefordeg, (v,) < (n — 1) —r =>deg, (Vo) +deg; (V) <n — 1 ,which is the contradiction to

our assumption.
Therefore G has a closed Hamiltonian labeled path.

Verification of Ore’s Theorem under the Definition 3 of Labeled Degree of a Vertex

Example

According to the definition of non adjacency (frahe relation 3), yand v are non adjacentleg, (v4)+ deg,

(vs)= 3+3 =6= 5,here 5 is the number of vertices(n).
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Therefore G has a closed Hamiltonian Path; ¥3, v1, v4, v2, v5}.
Note 10

If we have more than one pair of non adjacent Ebekertices then the theorem may not be true asrshothe

example below:

Example

In the above graph there are two pairs of non adijaeertices (according to 3-relation) i.esawd V,, vsand Vg
Heredeg, V4+deg; Vs= 3 + 3 =6 = n (n=6)
deg, Vs+deg, Vg=3 + 3 =6 =n (n=6)

But we see that there is no Hamiltonian path ingitegoh. As a result, we consider ore’s theoremaicebook with
a condition that there should be only one pairaf-adjacent vertices. Whether the Facebook admitdamiltonian path

if the Facebook has more than one pair of non-adfagnline persons is not taken up here.
Labeled Degree of a Vertex in Facebook

In Facebook we take the degree of A as 1 if ABakbel '+ -'i.e.,

Y Riiay

In the above figure degree of A=1 and degree 00B =
Note 11

If at one time there are only 2 online people wloondt share any information between them then weetisat

under relation 3 Ore’s theorem’s condition satsfiat there is no closed Hamiltonian path. i.eg(dg+deg(B)= 2

Sy

We consider only groups of a particular Facebodivoek in order to apply Ore’s theorem.
Ore’s Theorem in Terms of Facebook: (Labeled Edges)

Statement: Let G be a particular group of a Facebook netwaith number of people onlirfa) = 3,
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we denotedeg; x as the number of people with whontonverses or shares information (here label edgedicates the

flow of information and ‘—‘indicates there is n@ of information ).

Then the Ore’s theorem in terms of Facebook sthtasif the of people with whom x converses andrtbmber

of people with whom y conversesthe number of people in a particular group of @faetwork at a given time where the

group has exactly one pair of non adjacent onlinertices, i.e.,deg; X + deg; Y = n for every pair of people who are not

conversing directly (i.e., 3nelation), then the network i$amiltonian labeled graph of Facebook

Proof: Here the proof is on the same lines as on lab®@lets theorem given above (according to definitdoaf
labeled degree of the labeled verteXso, we note here that if there are exactly 2 ioel people in the particular group

of Facebook network who are sharing information @onversing then this theorem is not applicable.

Verification of Ore’s Theorem in Facebook

Example

According to the definition of adjacency in Faceboetwork, in the graph above we see that thene isne way

transfer of information between one pair of vesice., v and ¢
Heredeg; V,+deg; Vs
= 3 + 3 =& 6 where n=6 (number of people in the network)
Therefore there G has a closed Hamiltonian path; Y8, V1, V2, V5, V3, and V4}

Therefore ore’s theorem is satisfied for a Facelmpolip’s network.

Facebook Ore’s Theorem has to get the additionadition that neithedeg, x nor deg; y=0. In this case Ore’s

theorem ensures that there is some person congentim both x and y.
i.e., If there is a person conversing with botma & then there is a closed Hamiltonian path.

In a one way conversation any online person cad ggormation to any other online person if thesean Hamiltonian
Path.

Therefore Ore’s theorem when applied to Faceboekagiees a 2-way communication/conversation as rstow

the example below:
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The information is traveled from A, B, C, D, E, aaghin to A.
Verification of Converse of Ore’s Theorem in Termsof Facebook

Statement: Let G be a particular group of a Facebook netweith number of people onlirjg) = 3 ,
we denote byleg; x the number of people with whom x converses (level edge ‘+’ indicates the flow of information

and ‘ —' indicates there is no flow of informatjon

Then the converse of Ore’s theorem in terms of Fagk states that for every pair of people who ase n
conversing directly i.e., there are not adjacemt, graph has a closédamiltonian labeled path, then the number of

people with whom x converses and the number ofpleewith whom y converses the number of people in a particular

group of a face network withxactly one pair of non adjacent labeled vertiGsa given timei.e., deg, x + deg,y = n.
In the following example we verify the converse.

Example 1
In the below graph person C and person D are rjateut i.e., there is no information flow betweeart@i D.
The closed Hamiltonian labeled path in the aboeplgis AFEDBCA
Thereforedeg, C +deg, D
=3 + 3 =6=nwheren=6, Thereforteg, C +deg, D =n

Example 1

Therefore we conclude that converse is true imlyhaving exactly one pair of non adjacent vestice
CONCLUSIONS

Every closed Hamiltonian labeled path in Faceboskai 2-way communication between online people.
By definition, a Hamiltonian path between two noadjacent online persons is a one way communication,
but Ore’s theorem guarantees a closed Hamiltoniath fbetween 2 non-adjacent vertices resulting invay
communication, however Ore’s theorem is applicabl&acebook only when there is exactly one painaf-adjacent

online persons that is there is no information flestween them at a given instant of time.
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